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Abstract: The spatially distributed reaction networks are indispensable for the understanding
of many important phenomena concerning the development of organisms, coordinated cell
behavior, and pattern formation. The purpose of this brief discussion paper is to point out some
open problems in the theory of PDE and compartmental ODE models of balanced reaction-
diffusion networks.
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1. INTRODUCTION
Inspired by the recent advances in modeling and analysis
of reaction networks, in Seslija et al. (2012c) we have
provided a geometric formulation of the reversible reaction
networks under the influence of diffusion. Exploiting the
graph knowledge of the underlying reaction network, we
have shown that the obtained reaction-diffusion system
is a distributed-parameter port-Hamiltonian system on a
compact spatial domain.
Numerical methods are essential tools for the understand-
ing of many important dynamical aspects of these compli-
cated distributed port-Hamiltonian models. While there
has been a number of computational techniques that pro-
posed discretizations of reaction-diffusion equations, the
geometric structures they model are often lost in the
process. In Seslija et al. (2012c), we have offered a spatially
consistent discretization of the PDE system and, in a sys-
tematic manner, recovered a compartmental ODE model
on a simplicial triangulation of the spatial domain. Explor-
ing the properties of the Laplacian of the complex network
defined over a simplicial manifold, we have characterized
the space of equilibrium points and provided a result that
guarantees the spatiotemporal consensus of a large class
of balanced reaction networks.
After a brief summary of the PDE and ODE models of
reaction-diffusion networks, we shall formulate a few open
problems pertaining to these systems.
2. REACTION-DIFFUSION NETWORKS
The dynamics of a balanced reaction network involving
m chemical species (metabolites) takes the form
x˙ = −ZBK(x∗)BtExp
(
ZtLn
( x
x∗
))
, (1)
where x ∈ Rm+ represents the concentrations vector; Z is
an m × c complex stoichiometric matrix, whose ρ-
th column captures the expression of the ρ-th complex in
the m chemical species; B is a c × r incidence matrix
capturing the topology of the complex graph;K(x∗) is a r×
r positive diagonal matrix of balanced reaction constants
given as K(x∗) := diag(κ1(x∗), · · · , κr(x∗)); x∗ ∈ Rm+ is a
thermodynamic equilibrium . There is a close relation
between the matrix Z and the standard stoichiometric
matrix S, which is expressed as S = ZB. For more details
of balanced reaction networks see van der Schaft et al.
(2012).
The form (1) is the starting point for the analysis of bal-
anced chemical reaction networks in this paper. We shall
assume the validity of the global persistency conjecture,
which states that for a positive initial condition x0 ∈ Rm+ ,
the solution x of (1) satisfies: lim inft→∞x(t) > 0. The
global persistency conjecture recently was proven for the
single linkage class case in Anderson (2011), but for the
system (1) remains an open problem.
Stability of Balanced Reaction Networks. It follows
that once a thermodynamic equilibrium x∗ is given, the
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set of all thermodynamic equilibria is described by the
following proposition.
Proposition 1. (van der Schaft et al. (2012)). Let x∗ ∈ Rm+
be a thermodynamic equilibrium, then the set of all ther-
modynamic equilibria is given by
E := {x∗∗ ∈ Rm+ | StLn (x∗∗) = StLn (x∗)}. (2)
Making use of the formulation of the dynamics of balanced
reaction networks in (1), in van der Schaft et al. (2012)
it was shown that all equilibria of a balanced reaction
network are actually thermodynamic equilibria, and thus
given by (2).
The Gibb’s free energy associated to the reaction system
is given by
G(x) = xtLn
( x
x∗
)
+ (x∗ − x)t 1m, (3)
where x∗ is an equilibrium of the reaction network and 1m
denotes a vector of dimension m with all ones.
Exploiting the properties of the balanced weighted Lapla-
cian matrix BK(x∗)Bt and employing G as a Lyapunov
function, van der Schaft et al. (2012) showed that all
the thermodynamic equilibria are, in fact, asymptotically
stable.
PDE Model. When a well-mixed hypothesis is not
reasonable, a more appropriate model for the reaction
network (1) is that of reaction-diffusion equations. To that
end, let M be a compact n-dimensional smooth Rieman-
nian manifold with boundary ∂M , representing the spatial
domain. The port-Hamiltonian reaction-diffusion system
given in terms of the disagreement vector xx∗ is given as
∂x
∂t
= div
(
Rd(x)grad
( x
x∗
))
+ f(x)
eb = Ln
( x
x∗
)
|∂M
fb = Rd(x)grad
( x
x∗
)
· ν|∂M ,
(4)
where Rd is a positive-semidefinite diagonal diffusion ma-
trix, the so-called energy-diffusion matrix, and f is given
by the right-hand side of (1). The system (4) is accompa-
nied with the appropriate smooth initial condition.
3. COMPLEX NETWORKS
Following the exposition of Seslija et al. (2012b), letK be a
homological simplicial complex obtained by triangulation
of the manifold M . Assuming that K is well-centered, its
circumcentric dual is ?K = ?iK × ?bK, where ?iK is the
interior dual and ?bK is the boundary dual, as explained
in Seslija et al. (2012b,a).
The discrete analogue of an oriented manifold is an ori-
ented simplicial complex, while differential forms are dis-
cretized as cochains. A k-cochain is a real-valued function
on the k-simplices of K, which we will also call a discrete
k-form. Analogously, we define the space of discrete forms
on ?iK and ?bK. By Ω
k
d(K), Ω
k
d(?iK), and Ω
k
d(?bK) we
denote the space of the primal k-cochains, the dual k-
cochains, and the boundary dual k-cochains, respectively.
To each vertex of the primal mesh K we associate reaction
dynamics. That is, to a vertex vj we associate the state
xj ∈ Rm+ . The geometric dual of vj , ?ivj , is the dual volume
Fig. 1. A simplicial complex K consisting of two trian-
gles. The dual edges introduced by the circumcen-
tric subdivision are shown dotted. The state vector
xj =
(
xj1, . . . , x
j
m
)t
is associated to the vertex vj for
each j ∈ {1, . . . , N}. The number of compartments for
this example is N = 4. The shaded region, the dual
cell ?iv2 of the vertex v2, represents the compartment
with the state x2.
cell which represents the j-th compartment (see Figure 1).
The number of the compartments is N = dim Ω0d(K) =
dim Ωnd (?iK).
By X denote the concatenated vector
X =
((
x1
)t
, . . . ,
(
xN
)t)t
, (5)
where xj ∈ Rm+ , and let
F (X) =
(
f
(
x1
)t
, . . . , f
(
xN
)t)t
(6)
be the vector field which describes the reaction dynamics
of all compartments, with the reaction kinetics f(xj) =
−ZBK(x∗)BtExp
(
ZtLn
(
xj
x∗
))
, j = 1, . . . , N .
The open compartmental model of the reaction-
diffusion system (4) is given by
X˙ = −
(
(∗0)−1⊗ Im
)(
∆d
X
X∗
− (tr⊗ Im)t fˆb
)
+ F (X)
eb = (tr⊗ Im) X
X∗
,
(7)
with the boundary flows fˆb ∈
(
Ωn−1d (?bK)
)m
and the
boundary efforts eb ∈
(
Ω0d(∂K)
)m
. The symbol ⊗ rep-
resents the Kronecker product and Im is the identity
matrix of dimension m × m. The discrete Hodge oper-
ator ∗1 : Ω1(K) → Ωn−1(?iK) is a diagonal matrix
with the k-th entry being equal | ?i σ1k|/|σ1k|, where σ1k
is the primal edge with the dual ?iσ
1
k. The matrix ∗0
is a diagonal matrix whose k-th element is | ?i vk|/|vk|.
The Laplacian matrix of the simplicial complex is ∆d =
(d⊗ Im)t (∗1 ⊗ Im)Rd(X) (d⊗ Im) with d being the dis-
crete exterior derivative 1 , tr is the trace operator 2 ,
Rd(X) ≥ αImNe , α > 0, and Ne is the number of edges of
the primal mesh, i.e., Ne = dim Ω
1
d(K) = dim Ω
n−1
d (?iK).
Furthermore, XX∗ =
((
x1
x∗
)t
,
(
x2
x∗
)t
, . . . ,
(
xN
x∗
)t)t
.
The total energy of the system, the sum of energies of all
compartments, is
1 The discrete exterior derivative d in this case is nothing but the
transpose of the incidence matrix of the simplicial complex.
2 The trace operator tr is a matrix that isolates the members of a
0-cochain vector assumed on the geometric boundary ∂K.
Gd(X) =
N∑
j=1
G(xj)Vvj ,
where G(xj) is the free energy of the state xj and Vvj is
the n-dimensional support volume obtained by taking the
convex hull of the simplex vj and and its dual cell ?ivj .
Since Vvj = |vj || ?i vj | = | ?i vj |, j = 1, . . . , N , the total
energy is Gd(X)=
∑N
j=1G(x
j)| ?i vj |.
Compartmental Model. Imposing the zero-flux bound-
ary conditions, fˆb = 0, leads to the closed compartmental
model
X˙=−
(
(∗0)−1 ⊗ Im
)
∆d
X
X∗
+ F (X), (8)
with a positive initial condition X(0) = X0 ∈ RmN+ .
In Seslija et al. (2012c), we have shown that for the system
(8) the positive orthant RmN+ is forward invariant. In order
to exclude the existence of possible boundary equilibria,
given X0 ∈ RmN+ , we assume that all the trajectories
t 7→ X(t) of (8) satisfy: lim inft→∞X(t) > 0.
In the absence of the diffusion terms, the dynamics of
the spatially discrete systems in (8) are decoupled, and as
such coincide with the dynamics of the balanced reaction
system (1). In this scenario all the compartments exhibit
asymptotically stable dynamics, but the steady states of
all the compartments, in general, are not identical. The
following theorem shows that the compartmental model
(8) is asymptotically stable with the spatially uniform
steady state.
Theorem 2. (Seslija et al. (2012c)). Consider the compart-
mental model of balanced mass action reaction network
given by (8). For every initial condition X(0) ∈ RmN+ , the
species concentrations x1, . . . , xN as t → ∞ converge to
x1 = · · · = xN ∈ E .
4. OPEN PROBLEMS
Global Persistency Conjecture. Proving the global
persistency conjecture for balanced reaction networks re-
mains an important unsolved problem with many signifi-
cant mathematical and biochemical consequences.
Stability of PDE reaction-diffusion networks. The
existence of solutions for the system (4) is a complex
issue. The papers Morgan (1991); Fitzgibbon et al. (1997)
do provide a working framework for the systems with
separable Lyapunov functions. Furthermore, according to
Fitzgibbon et al. (1997), the system does not generate
spatial patterns. However, proving the spatial uniformity
of asymptotic behavior of the balanced reaction-diffusion
systems involves Krasovskii-LaSalle-type of arguments.
These arguments in turn require the precompactness and
the global boundedness of classical solution. Showing the
global boundedness of classical solution of the semilinear
balanced eaction-diffusion networks in the presence of
Neumann boundary conditions is a challenging issue.
Pattern Formation. It is well-known that adding diffu-
sion to the reaction system can generate behaviors absent
in the ODE case. This primarily pertains to the problem of
diffusion-driven instability which constitutes the basis of
Turing’s mechanism for pattern formation Turing (1952),
Murray (2003). Here, the port-Hamiltonian perspective
permits us to draw immediately some conclusions regard-
ing passivity of reaction-diffusion systems, but also to
claim the spatial uniformity of the asymptotic behavior
of the compartmental model.
Given a reaction-diffusion system, an important question
is whether it is possible to generate spatial pattern by ma-
nipulating the boundary variables of the boundary control
problem. Since both the smooth (4) and the discretized
model (7) assume the port-Hamiltonian form, many elab-
orate schemes, ranging from passivity-based to optimal
control, could potentially be applied for control of reaction-
diffusion networks. Construction and study of such control
strategies for reaction-diffusion networks can improve our
quantitative understanding of pattern formation, but also
may foster applications in bioengineering.
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